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STEADY-STATE AND STABILITY ANALYSIS OF EXTERNALLY PRESSURIZED 
GAS-LUBRICATED JOURNAL BEARINGS WITH HERRINGBONE GROOVES 
by David P. F leming 
Lewis Research Center  
SUMMARY 
A small eccentricity analysis was performed to predict the load capacity and stabil- 
ity of an externally pressurized bearing with herringbone grooves. Numerical results 
were obtained for a range of feeding parameters, pressure ratios, groove lengths, and 
orifice recess volumes for compressibility numbers from 0 to 50. These results were 
obtained from the digital computer program which is presented in an appendix. Results 
showed that the addition of herringbone grooving to an externally pressurized bearing in- 
creases stability, but reduces load capacity at low compressibility numbers. A fully 
grooved bearing is more stable than a partially grooved bearing. Load capacity and 
stability decrease near the speed where’lhe pressure due to the herringbone groove pump- 
ing equals the external supply pressure. Orifice recesses decrease stability, particular- 
ly at high compressibility numbers. 
INTROD U CTI ON 
Gas-lubricated bearings may be divided into two broad classifications : self-acting 
and externally pressurized. In a self-acting bearing, the film pressure which supports 
the load is developed by the relative motion of the bearing parts and is proportional to the 
fluid viscosity. When there is no motion, the load capacity is zero. In contrast, in an 
externally pressurized bearing, lubricant gas under pressure is supplied from an exter- 
nal source. Thus, this type of bearing can have a substantial load capacity even when it 
is stationary. 
a much smaller load than oil-lubricated bearings. :For the same reason, they are much 
more susceptible to self-excited instability, commdnly known as fractional frequency 
whirl. A major part of the research in gas-lubricated bearings has been directed toward 
Because of the low viscosity of gases, self-acibng gas-lubricated bearings will carry 
development of bearing configurations that will operate stably. Some of these designs, 
for example, tilting pad bearings, achieve stability at the expense of steady-state load 
capacity. One type 01 self-acting bearing that has good stability and can also carry a 
higher load than a plain bearing is the herringbone grooved bearing (refs. 1 to 3). 
Externally pressurized bearings also have a higher load capacity than plain self-acting 
bearings and also are fairly stable (ref. 4). 
continuous supply of pressurized gas. The herringbone bearing, on the other hand, needs 
no external supply, but has no load capacity at zero speed. The two bearing types could 
be combined; for example, a herringbone grooved rotor could be installed in an external- 
ly pressurized bearing. External pressurization could be used for a startup; upon 
reaching operating speed the external supply could be shut off, and the unit operated as 
a self-acting herringbone bearing, Alternatively, the external supply could be main- 
tained; the inward pumping of the herringbone grooves would reduce the amount of gas 
needed from the external supply. 
grooved bearings (refs. 1 and 2) and of externally pressurized bearings (refs. 4 to 6). 
Vohr and Chow determined the load capacity of herringbone grooved bearings in ref- 
erence 1; their analysis was used to evaluate stability in reference 2. Experimental 
stability data for herringbone bearings were obtained in reference 3.  The data showed 
that the analysis predicts the onset of instability consistently; however, actual insta- 
bility occurred at somewhat lower speeds than predicted. 
The load capacity of externally pressurized bearings was determined by Lund in 
reference 5. In a later report (ref. 6), Lund calculated the stability of externally pres- 
surized bearings operating at finite eccentricities. Here he included the effect of orifice 
recess volume and attempted to account for there being a finite number of orifices, 
rather than the line source usually assumed. Reference 4 evaluated the stability of an 
unloaded externally pressurized bearing and included the effect of orifice recess volume 
as in reference 6. 
and solve for the perturbed pressure using a separation of variables scheme. Thus it is 
easy, in principle, to combine the solutions to find the load capacity and stability of a 
herringbone bearing with external pressurization. 
The objectives of this investigation a r e  to determine analytically the steady-state 
and stability characteristics of externally pressurized herringbone grooved bearings. 
Various combinations of supply pressure, feeding parameter, orifice recess volume, 
and groove length will be explored. 
The principal disadvantage of the externally pressurized bearing is the need for a 
Previous analyses have evaluated the load capacity and stability of herringbone 
All of these analyses are similar in that they use a small eccentricity perturbation 
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AN ALY S IS 
The bearing configuration to be analyzed is shown in figure 1. It consists of a double 
row externally pressurized bearing with herringbone grooves. The grooves are shown 
on the rotor, but the analysis is unchanged if they a r e  on the bearing. The herringbone 
grooves may be partial, as shown, or they may extend the full length of the bearing. For 
simplicity of presentation, it will be assumed that the rows of orifices are closer to the 
midplane of the bearing than a r e  the herringbone grooves. This includes the limiting 
case of the orifice rows coinciding with the ends of the grooves. Extension to other cases 
is straightforward. It will be further assumed that the bearing is symmetric about the 
midplane. With this assumption, only half the bearing need be analyzed. Other assump- 
tions are that the number of herringbone grooves is large (ref. 1) and that there are 
enough orifices so that each row may be approximated by a line source. 
Bearing length, L 
k j i - - - o r i f i c e  race] 
c 
Clearance at zero 
eccentricity, C 
Axial coordinates' z, 5 
Figure L - Externally pressurized herringbone bearing. 
The analysis of reference 1 applies, with the exception that the axial mass flow is n~o 
longer zero as it was in the herringbone bearing without orifices. Thus, the differen- 
tial equations and boundary conditions must be modified to account for axial mass  flow in 
the bearing and flow through the orifice. 
bility analysis, a rotating coordinate system is introduced by 
To conveniently obtain solutions for steady whirling, which a r e  needed for the sta- 
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where w is the frequency of steady circular whirling. Symbols are defined in appen- 
dix A. 
P 
The differential equation to be solved (from ref. l), is 
- i a  -[de r  sin p + (.AI - A z r ) a! COS - pRohr sin p] + - a [adzg + (1 - a)AZr]sin /3 
R ae* zg az 
This and subsequent expressions were derived for the herringbone grooved section of the 
bearing, but may also be used for the smooth section by setting h = h,. The expres- 
sions for the mass flows d e r ,  A,,, and Azr are in appendix B. The procedure now 
is to approximate the film pressure according to 
g 
Equation (3) and the expressions for the mass flows from appendix B are substituted into 
equation (2). The resulting expression is considered an identity in the eccentricity ratio 
E ,  and a separate equation written for each power of E which appears. Powers of E 
higher than 1 are neglected; thus, two equations result. The zero-order equation can be 
written 
This may be integrated once immediately to yield 
c y l z g 0  + (1 - a)dzro = Azo = Constant 
In terms of the dimensionless pressure Po = po/p, and dimensionless coordinate 
( = z/L, equation (5) for an  isothermal bearing becomes 
= Constant 
(5) 
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The first-order equation is 
where the V's are constants given in appendix B. They differ from the constants given 
in reference 1 because dPO/dC is not constant in a bearing with orifices. The constant 
A is the standard gas bearing compressibility number, and CT is a dimensionless 
representation of the whirl frequency. 
Boundary conditions. - At the ends of the bearing 
Po = 1 
and 
P1=0  
At the bearing midplane, by symmetry, 
Pressures  Po and P1 are continuous throughout the bearing film, but there will 
be discontinuities in the derivatives dPo/dC and aPl/aC. These are caused at 5 = S 
by the end of the herringbone groove pattern, and at = C f ,  by the gas flow through the 
orifices. 
Since, in differential equation (6) for Po, @*/de is the highest order derivative, 
the discontinuity in dPO/dC at 5 = 5 need not be found explicitly. The discontinuity 
in aPl/aC at C = C 
continuous at this point. The perturbed mass flows Azgl and Azrl may be found by 
differentiating the expressions for  A 
g ' 
g 
may be determined by noting that Azl = aAZgl + (1 - a)Azrl is 
g 
and Azr (appendix B) with respect to  E and 
zg 
5 
then setting E = 0, for example, Jzgl = The result for aPl/a[ is 
- ap 1 
r 1 
apl apl 
+- 
121.19TLwm cos e* = A z o  3 2 cos e* +-v3--- 1 R r=si + s=sg '0' Pa 
- L  
s=<; 1 
in which <' denotes a value of < infinitesimally greater than The expression for 
At the orifices, conditions a r e  similar to those in an ungrooved externally pressur- 
g " 
Vm, as we f 1 as for the other V's, is in appendix B. 
ized bearing, analyzed in reference 5. One important difference is that, in an externally 
pressurized herringbone bearing, the gas flow through the orifices can be in either direc- 
tion, depending on the supply pressure and the pumping in the herringbone grooves. 
Boundary conditions on pressure are found by balancing the gas flow through the orifices 
with that through the bearing film. The results are 
'IC am -%%E=- 
0 s (".\ a -  
and 
I C  cos e* - 
oc 
1 --  
q= si as 
L 
+2POcaql '?; 
c 
L 
1 
3 +2G2 
1 + g 2  
a p l c  
ae * 
-I 
The dimensionless mass  flow m is given by the usual orifice flow equations, with in- 
herent compensation effects accounted for as in reference 6. 
m =Az n 
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The flow when the bearing is concentric, mo; is obtained by using the concentric values 
P, = Poc and hr = C in equations (13) and (14). The feeding parameter $ 
(eqs. (11) and (12)) is defined by 
and \cI1 (in eq. (12)) by 
lp1=-.---  NV L -  VL 
PDLC POcD POcD 
Solution of differential equations. - The constant in equation (6) is determined by the 
gas flow through the orifices. From equation (13), with E = 0, 
Combination of equations (15) and (17) with equation (6) gives 
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This differential equation contains two unknowns: the pressure Po and the mass flow 
moe The procedure for determining Po and mo is (1) assume a value for mo, (2) in- 
tegrate equation (18) from < = 0 to < = cf, using a forward integration scheme such as 
Runge-Kutta (for < > Sf, Azo = 0 and Po = Poc), (3) calculate a new value of mo from 
the value of Po = Po(%) just found, and (4) compare with the previous mo; if different, 
repeat steps 2 to 4 until convergence is obtained. 
is represented by 
Differential equation (7) for P may be solved (as in ref. 2) by assuming that P 
P1 = h[G(<)eie*] 
When this is substituted into equation (7) there results 
Bounury conditions for P1 in equations (8), (9), (lo), and (12) transform into the J- 
lowing boundary conditions for G 
G = O  at < = 0  (21) 
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The perturbed pressure P1 may now be determined by solving differential equation (20) 
numerically by the method detailed in reference 4. 
Determination of load andstability. - The radial and tangential components of the 
bearing load are found by integrating the film pressure over, the bearing area. 
Substitution of equations (3) and (19) for  P and performance of the O* integration yields, 
in dimensionless variables, 
The dimensionless forces in equation (25) are defined by 
The resultant bearing load and attitude angle q~ may now be calculated. 
Figure 2 illustrates the relations among these quantities. 
When the bearing is operating stably, the frequency number a is zero. To deter- 
mine the threshold of instability, a is varied until f t  = 0 (ref. 7). The bearing neutral 
stability condition is then found by equating the centrifugal force, due to the whirling 
bearing mass, to the radial bearing force. 
9 
Attitude 
Figure 2. - Notation for eccentric bearing. 
Mewpn 2 = Frn 
The subscript n denotes the condition where f t  = 0. 
A dimensionless bearing mass may be defined by 
In terms of previously calculated quantities, 
given by 
for the neutral stability condition is 
Reference 7 shows that En is an upper limit of E for stability if the quantity aft/& 
is negative at CT = un; conversely, Bn is a lower limit for stability if aft/& is positive 
at C T =  'ne 
RESULTS AND DISCUSSION 
The analysis of the preceding section has been used to obtain steady-state and sta- 
bility information for a number of externally pressurized herringbone bearing configura- 
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tions. Results were obtained using the computer program presented in appendix C. The 
computer program was checked by running cases f o r  a plain externally pressurized bear- 
ing (without grooves) and a herringbone grooved bearing (without orifices). Results for 
the test cases agreed well with those of reference 1 and 4. 
Because of the large number of parameters that may vary in a bearing, the effects 
of all of them were not investigated. Rather, a number of the parameters were fixed. 
The basic bearing chosen for study has a length to diameter ratio of 1 with a single row 
of orifices at the bearing midplane. No inherent compensation effects were included. 
The herringbone groove angle p is 30'; the groove width fraction a, 0.5; and the 
groove clearance to land clearance ratio H, 2 .1 .  These values approximate the optima 
found in reference 1 for maximizing the radial load component. Three groove length 
fractions L /L were investigated: 0 (ungrooved), 0. 5, and 1 (fully grooved). The feed- 
ing parameter At was varied from 0 (no orifices) to 4, and the supply pressure ratio 
from 1 to 5. Any other configurations of interest can be easily investigated using the 
computer program in appendix C. 
g 
Steady State Resul ts 
Figure 3 shows the effect of the feeding parameter At on load capacity. Figure 3(a) 
is for a pressure ratio Ps of 1, which means the bearing is actually unpressurized. 
For this case, the load capacity is greatest when there are no orifices (At = 0); 
decreases with increasing At. A partially grooved bearing will carry a higher load than 
a fully grooved bearing. The ungrooved bearing is not shown for this case; it is unsuit- 
able for most uses because it is unstable when not loaded, 
Figure 3(b), for a pressure ratio of 2, shows that at low values of A (less than 
about 5) the load capacity now increases with increasing feeding parameter At. At 
higher A's the order is reversed for the grooved bearings. That is, load capacity de- 
creases with increasing At, as was the case for the unpressurized bearing. The load 
capacity of the partially grooved bearing again exceeds that of the fully grooved bearing. 
For A less than 13 to 33 (depending on feeding parameter) the ungrooved bearing has 
the highest load capacity. At higher A, the load curves for the ungrooved bearings 
level off, while those f o r  the grooved bearings continue to rise. This, of course, is 
because of the increasing self-pressurization by the inward pumping herringbone grooves. 
The load curves for the grooved bearings show an interesting phenomenon in that 
they have a pronounced depression at an intermediate value of A.  This depression 
occurs when the pumping of the herringbone grooves raises the pressure on the bearing 
side of the orifices to the pressure that is supplied externally. Near this point, the 
derivative of mass  flow with respect to bearing orifice pressure Pc becomes very large 
. 
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(eq. (14)). That is, a very small change in Pc causes a large change in orifice flow. 
Consequently, the bearing is not as well compensated and the stiffness is reduced. 
It should be pointed out that for an actual bearing the loss of load capacity will not 
be as great as predicted by figure 3(b). This is because the difference Am/A(Pc/Ps) 
for finite A(Pc/Ps) does not approach the infinite value of the derivative am/a(Pc/Ps)* 
Also, the orifice flow equations (14) neglect viscous effects. These become significant 
at low flow rates and reduce the value of am/a(Pc/Ps) near Pc = Ps. 
Load curves for a pressure ratio of 5 a r e  plotted in figure 3(c). The trends of fig- 
ures 3(a) and (b) a r e  continued here. Load capacity increases with increasing At out to 
the highest compressibility number plotted. No depressions occur in the curves (as in 
fig. 3(b)), because the A value where Pc = Ps is beyond the boundary of the figure. 
Figures 3(b) and (c) show that the addition of grooves to an externally pressurized 
bearing lowers the load capacity at low compressibility numbers, but at higher A the 
load can be increased. The compressibility number, where the load capacity of the 
grooved bearing first becomes greater than that of the ungrooved bearing, varies with 
the pressure ratio, length of grooves, and feeding parameter. 
The effect of pressure ratio on load is shown in figure 4. Load capacity generally 
increases with pressure ratio. The load capacity for Ps = 2 is little different than for 
Ps = 1 (unpressurized), particularly at higher compressibility numbers. Near the value 
of A where Pc = Ps (depression in load curve), the load capacity for Ps = 2 can drop 
below that for  Ps = 1. Increasing the pressure ratio to 5 results in a relatively large 
increase in load capacity, particularly at low compressibility numbers and large feeding 
parameters. 
Attitude angles are plotted in figure 5 for a pressure ratio of 2. Except at quite low 
compressibility numbers (A < 5), attitude angles are smaller for smaller values of the 
feeding parameter At. The grooved bearings (figs. 5(b) and (c)) exhibit behavior gener- 
ally similar to an ungrooved externally pressurized bearing, with two exceptions. At 
zero speed (A = 0) the grooved bearings have a small attitude angle, which may be posi- 
tive or  negative, depending on the length of the grooves. In addition, when the pumping 
of the herringbone grooves increases the pressure Pc to near the supply pressure Ps, 
the attitude angle rises rapidly. This corresponds to the drop in load capacity mentioned 
earlier. A comparison of figures 5(a) to (c) shows that attitude angle decreases with in- 
creasing groove length, except at high compressibility numbers (A > 35), where the bear- 
ing with half-length grooves has a lower attitude angle than either the fully grooved or 
ungrooved bearing. 
Because the herringbone grooves act as a pump, the gas pressure in the bearing in- 
creases with increasing compressibility number. Figure 6 shows the pressure at the 
center of the bearing, Poc, for three values of the feeding parameter At, at an external 
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supply pressure ratio of 2. As expected, larger values of At decrease the rate of 
change of Poc with A.  This is because a larger At means the bearing is more open 
to the external supply. The fully grooved bearing's pressure changes more rapidly than 
does the partially grooved, since pumping is proportional to groove length. Pressure 
does not change with compressibility number in the ungrooved bearings; to avoid confu- 
sion, these curves have not been extended to A = 0. The solid lines, for .At = 0, indi- 
cate the pressure in a bearing with no orifices; they are, of course, valid for any supply 
pressure e 
The gas mass flow through the bearing appears in figure 7 for the same bearing con- 
ditions as in figure 6. There are additional curves for % = 1. For At = 0, the mass 
flow is always 0. A negative 
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Figure 7. - Gas flow through bearing. Pressure ratio P, 
2; length to diameter ratio, 1; orif ice location parameter 
Lf/L, 1; groove angle, 30"; groove width fraction, 0.5; 
groove to land clearance ratio, 2.1. 
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supply to the bearing, whereas positive mo indicates the bearing is pumping gas into 
the pressurized supply. 
of figure 6. Note that the magnitude of the dimensionless flow mo decreases as the 
feeding parameter increases. This is due to the way mass flow is made dimensionless. 
At zero speed (A = 0), gas consumption increases with increasing length of grooves. 
This is because a grooved portion of a bearing has a larger flow area, and thus offers 
less resistance than an ungrooved portion. 
The mass flow curves are arranged in the same order as the bearing pressure curves 
Stability Results 
In order to keep the figures presented to a reasonable number, stability information 
will not be given for  all combinations of groove length, pressure ratio, feeding param- 
eter, and orifice recess volume which were investigated. Instead, the basic bearing 
mentioned at the beginning of this section will be further defined, and results presented 
for  variations of each of the preceding four parameters from their basic values. These 
basic values are L /L = 1, Ps = 2, At = 2, and v = 0. 
Figure 8 shows the variation of stability with compressibility number, with groove 
length as a parameter. Stability, as measured by the dimensionless mass a, generally 
decreases with increasing A, and increases with groove length. Above a compressibility 
number of 15, the stability of the fully grooved bearing increases sharply and becomes 
much greater than that of either the half-grooved or  ungrooved bearing. 
The stability curves of the fully grooved and half-grooved bearings have distinct de- 
pressions near A = 14 and A = 27, respectively. These depressions correspond to the 
depressions in the load curves of figures 3(b) and 4(b). As was discussed regarding the 
load capacity curves, the drop in stability in an actual bearing whirling with a finite 
eccentricity would probably not be as drastic as figure 8 predicts a With an actual bear- 
ing, problems with this low stability region can probably be avoided by passing through 
the region rapidly, either by accelerating the bearing rotor o r  changing the supply pres- 
sure. 
Near a compressibility number of 38, the stability curve for the half-grooved bear- 
ing becomes very steep, in effect imposing an upper speed limit even for very small 
values of &f. This limit generally occurred between compressibility numbers of 20 and 
40 in the half-grooved bearings. A similar limit was not observed for fully grooved or 
ungrooved bearings within the range of compressibility numbers investigated. 
The effect of the feeding parameter At on stability is shown by figure 9. At low 
compressibility numbers (A < 5), higher feeding parameters give greater stability. 
Near A = 14, where the herringbone pumping pressure becomes equal to the supply 
g 
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pressure,  the order is reversed, with the no-orifice bearing (+ = 0) most stable. At 
high A (>20), there is no clear trend. The greatest stability is offered by At = 2, and 
the least by At = 4. 
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Figure 10. -Effect of pressure ratio on stability. Groove length ra- 
tio, L /I, 1; feeding parameter, A),. 2; length to diameter ratio, 1; 
o r i d  recess volume ratio, O; orif ice location parameter Lf/L, I; 
groove angle, 30"; groove width fraction, 0.5; groove to land 
clearance ratio, 2.1. 
Figure 10 shows the effect on stability of a variation in supply pressure ratio. In- 
cluded in this figure is the curve for At = 0; the remainder of the curves are for At = 2. 
For low compressibility numbers (A < lo), Ps = 5 provides the greatest stability; the 
curve is beyond the maximum ordinate of the figure. Stability decreases with decreasing 
pressure ratio. The plain herringbone bearing (At = 0) is between Ps = 1 and Ps = 2 
(Ps = 1 denotes a bearing whose supply lines are open to the atmosphere). For compres- 
sibility numbers between 10 and 20 there is no clear optimum, as the curves rise and 
fall. At high A ,  pressure ratios of 1 and 2 are more stable than Ps = 5 or  the no- 
orifice bearing. The figure shows that the addition of orifices to a herringbone bearing, 
without pressurization, lowers the stability at low compressibility numbers, but can in- 
crease the stability at high A .  
The decrease in stability due to a small orifice recess is shown in figure 11. For 
19 
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Figure 11. -Effect of recess volume on  stability. Pressure ratio, 2; groove 
length ratio, L IL, 1; feeding parameter, 2; length to diameter ratio, 1; 
orif ice location parameter Lf/L, 1; groove angle, 30"; groove width frac- 
tion, 0.5; groove to land clearance ratio, 2.1. 
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compressibility numbers less than 14 there is only a small loss of stability. At higher 
A, however, the stability for a recess volume ratio of 0.2 continuously decreases, while 
the stability for v = 0 increases from A = 14 to a maximum at A = 40 before decreas- 
ing. This behavior at higher compressibility numbers is typical of the effect of recess 
volume on the bearing configurations studied. 
there was more than one neutral stability condition found at the higher compressibility 
numbers. That is, for a given A, there was more than one whirl  frequency which yielded 
ft  = 0. Figure 12 illustrates this for a feeding parameter of 2,  pressure ratio of 5, and 
recess volume ratio of 0.2. The controlling curve will be the lowest; this will give the 
maximum value of 
ysis to determine stability, one must use some caution to be certain the smallest value of 
Mn has been found. 
Multibranch curves. - For all cases of finite recess volume in grooved bearings, 
at which the bearing will  be stable. Therefore, in using the anal- 
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Figure 12. - Mult ibranch curves. Pressure ratio, 2; feeding parameter, 2; o r i -  
fice recess volume ratio, 0. 2; length to diameter ratio, 1; or i f ice location 
parameter Lf/L, 1; groove angle, 30"; groove width fraction, 0.5; groove to 
land clearance ratio, 2. 1. 
SUMMARY OF RESULTS 
A small eccentricity analysis was performed to determine the steady-state and sta- 
bility characteristics of externally pressurized bearings with herringbone grooves. 
Compressibility numbers from 0 to 50 were investigated. The following results were 
obtained for a bearing with a single row of orifices and a length to diameter ratio of 1: 
the stability of the bearing. Grooving reduces load capacity at low compressibility num- 
bers but increases load capacity at high compressibility numbers. 
bearing. This is especially t rue at high compressibility numbers. However, the par- 
tially grooved bearing has a higher load capacity. 
sure  and feeding parameter. At high compressibility numbers, there is no clear rela- 
tion of stability with feeding parameter and supply pressure. 
1. The addition of herringbone grooves to an externally pressurized bearing increases 
2. The fully grooved bearing is generally more stable than the partially grooved 
3. At low compressibility numbers, stability increases with increasing supply pres- 
21 
4. Load capacity and stability decrease, and the attitude angle increases near the 
speed where the pressure due to the herringbone groove pumping equals the external 
supply pressure. This at least partly due to assumptions in the analysis. 
5.  Orifice recesses decrease stability. The effect is marked at high compressibility 
numbers. When there are orifice recesses,  more than one neutral stability condition 
can exist at high compressibility numbers. The controlling condition is that which gives 
the lowest dimensionless mass  for neutral stability. 
Lewis Research Center, 
National Aeronautics and Space Administration, 
Cleveland, Ohio, March 30, 1970, 
129-03. 
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APPENDIX A 
SYMBOLS 
a 
C 
'i4 
D 
d 
e 
F 
f 
G 
H 
hr 
i 
k 
L 
Lf 
Lg 
M 
orifice radiu 
ridge clearance at zero eccen- 
tricity 
coefficient (see appendix B) 
bearing diameter 
orifice recess diameter 
journal eccentricity 
bearing load component 
dimensionless load component, 
F/EPaLD 
dimensionless complex function 
of r 
ratio of ridge clearance to groove 
clearance when bearing is con- 
centric, (h /h ) 
g r o  
local film thickness over groove, 
C(H + E COS e*) 
c(i + E  COS e*) 
local film thickness over ridge, 
imaginary part of expression 
ILi 
specific heat ratio 
bearing length 
length of bearing outboard of 
orifices 
total axial length of grooves 
rotor mass per bearing 
lubricant flow per unit length 
- 
M 
- 
m 
N 
P 
P 
Pa 
R 
9 
Re 
T 
t 
V 
V 
W 
W 
- 
Z 
zf 
g 
Z 
dimension1 ss rotor mass, 
( M P ~ / ~ L ~ ~ I ( C / R ) ~  
dimensionless rotor mass,  
M C ~ ~ / ~ , L D  
4 4 R  m / N a 2 p a  
dimensionless lubricant flow rate, 
number of orifices per bearing 
dimensionless pressure, p/pa 
pres sur  e 
atmospheric pressure 
bearing radius 
gas constant 
real part of expression 
absolute temperature 
time 
surface speed of grooved member 
surface speed of smooth member 
orifice recess volume 
orifice recess volume ratio, 
N V / ~ D L C  
total bearing load 
dime ns ionles s load, W/ E pa LD 
axial coordinate measured from 
end of bearing 
distance from end of bearing to 
first row of orifices 
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CY 
P 
6 
E 
Cf 
e 
e* 
A 
"S 
"t 
ratio of groove width to width of 
groove-ridge pair 
orifice discharge coefficient 
groove angle (fig. 1) 
inherent compensation factor, 
a2/dC 
eccentricity ratio, e/c 
dimensionless axial coordinate, 
z/L 
angular coordinate 
rotating angular coordinate, 
e - U t  
P 
bearing compressibility number, 
6 p wR2 /paC 
rotating; -R(L/R) if grooved 
member is rotating 
R(L/R) if smooth member is 
feeding parameter, 
lubricant dynamic viscosity 
local lubricant density 
frequency number, 12pu R 2 2  /%C 
P 
attitude angle 
*l N V/.rrD2 CP 
w rotational speed 
whirl frequency P w 
Subscripts : 
C 
r 
1 
condition immediately downstream 
of orifice 
groove region 
condition at which ft = 0 
radial; ridge region 
condition upstream of orifice 
tangential 
axial direction 
circumferential direction 
zero eccentricity 
perturbed quantity 
Superscripts : 
+ value of coordinate infinitesimally 
- greater than base value 
- value of coordinate infinitesimally 
less  than base value 
24 
EXPRESSIONS FOR BEARING MASS FLO 
FFERENTIAL EQUATION COEFF 
Mass Flow Expressions Used in Equation (2) ( f rom ref. 1) 
1 aP 
3 R ae 
h3 
g 
ah: + (1 - a ) h  
Azg = -- P ((1 - CY)@: - h) sin p cos p-  - 
g 
+(I - @)(hi - h:) sin2 8] 3 - 6p(1 - a)(UP - U g g  )(h - hr) sin p cos 
az 
Atzr - P   -- h: (-a (h: - h:) sin p cos p - 1- aP 
12p ah: i- (1 - a)hg 3 R ae 
f [;.: - a(h: - h:) sin' p] 3 + 6pa(Up - U )(h - hr) sin p cos p 
az g g  1 
P h: 
' 'p  ah: + ( 1 - a)hg 3
{E: - a(h3 - h:) cos2 8] - 1 - aP 
R ae g 
"der = -- 
} phr (up +ug) aP 
az g g  r 2 
- .(hi - h:) sin p cos p- - 6pa(Up - U )(h - h ) sin p +- 
Di f ferent ia l  Equation Coefficients 
- H3 + a ( l  - a)(H3 - 1) 2 2  sin p R Yl = 
3 L a + ( I  - a)H 
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G s -  cu(1 - a)(H3 - 1)(H - 1) sin cos /3 As 
P 
3 2 
H + a ( l  - a)(H3 - lp sin 6 
2 
Y, = 2 a ( l  - a)(H3 - 1) sin p cos p - L
R J H 3 + a ( l  - a)(H3 - 1)” sin2 p 
3 Y4b = - (aH + 1 - @)[a + (1 - a ) H  1 
H3 +a(1 - a)(H3- 1) 2 2  sin p 
a ( 1  - a)(H3 - 1)(H - l)As sin 2 p 
- 
R Y4c = H 3 + a ( l  - ,)(€I3 - lf sin 2 p 
H 3 + a ( l  - a)(H3 - 1) 2 2  cos p 
H3 + a ( l  - a)(H3 - 1) 2 2  sin 6 
v5 = 
2 2  - 3 a ( l  - a)(H3 - 1)(H - 1) sin p cos p [a(H2 - H - 1) - (1 - a)H (H + H  - 1d 4 
R 
[H3 + a ( 1  - a)(H3 - 1r Sin2 p][a + (1 - a)H3] 
‘gsa - 
[a + ( 1  - a)H3] 
g6b = 
H3 + a ( l  - a)(H3 - 1)” sin 2 p 
2 2  2 
L 
R 
3a( l  - a)(H - 1) H As sin p - - Y6c - b3 + a ( l -  a)(H3 - lf sin2 p] [a + (1 - a)H3] 
3 a ( l  - a)(H - 1)(H2 - l)As sin p cos p + 1) + a ( l  - a)(H3 - lr sin2 p] 
%f7 = 
2 
[H3 + a ( l  - a)(H3 - lr sin2 8] 
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3aH2(H - 1)(1 + (1 - a)(H3 - 1)[2 + (1 - a)(H3 - 1J sin 2 p} v =  m 2 
[H3 + a ( l  - a)(H3 - ly sin2 B] 
In the ungrooved portion of the bearing, these coefficients become 
Y = o  P 
v3 = 0 
5fqa = 0 
g4b = 
2 
Y 5  = (5) 
v6a = 0 
‘&sC = 0 
Y, = 0 
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APPENDIX C 
COMPUTER PROGRAM FOR ANALYSIS OF EXTERNALLY PRESSURIZED 
NGBONE GROOVED GAS-LUBRICATED JOURNAL BEARING 
The program for determining steady-state and stability characteristics of the exter- 
nally pressurized herringbone bearing is written in FORTRAN IV, version 13, for use on 
the IBM 7094-11 digital computer at Lewis Research Center. Minor modifications may be 
necessary to allow the program to be used with other computing systems. 
Program Input 
Two variables are set within the program: k, the specific heat ratio of the lubricant 
gas, and RKEP, an accuracy parameter. As the program operates, the step size in the 
Runge-Kutta differential equation solver is successively halved until the magnitude of the 
bearing load W varies by less than RKEP times W. 
A triad of cards shows each configuration to be analyzed. The first gives geometric and 
operating parameters; the second contains the a r ray  of bearing numbers A to be used 
(up to 19 values); and the third gives initial estimates of the frequency number v, one 
for each A value. Specific formats follow. 
contain, in real format (with decimal point): p, a, H, L/D, L /L, SGN, $/L, At, Ps, 
v, ad ,  and 1 f 6 e SGN is f1.0 if the smooth member of the bearing is rotating, and 
-1.0 if the grooved member is rotating. 
Bearing number array card: Format (14, 19F4.1). - First four-column field: the 
number of A's in the array,  integer format, right adjusted. Succeeding four-column 
fields: the values of A for  which calculations are desired, real format (with decimal 
point). Positive A means the program will search for a root of ft  = 0 such that 
aft/& < 0. The reverse is true if A is negative. 
Frequency number estimate card: Format (4X, 19F4.0). - First four-column field 
is not read. Succeeding four-column fields contain, in real format (with decimal point), 
the initial estimate of frequency number (T, one value for each A. 
Sample program input on a FORTRAN coding sheet appears as figure 13. 
The remainder of the information needed by the program is read from-punched cards. 
Geometric configuration card: Format (13F6.0). - Succeeding eight-column fields 
2 g 
Any number of geometric configurations may be examined in one run of the program. 
The first card is a geometric configuration card which indicates that p = 30°, 
(Y = 0.59 H = 2-19 L/D = 1, L /L  = 1, SGN = -1, Lf/L = 1, At = 29 Ps = 29 V = 0, a d  = 0, g 
and 1 + g2 = 1. The second card, the A array, indicates there a r e  13 A values ranging 
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from 0 to 50. The third card is the u estimate card, showing initial estimates of u, 
which correspond to the A array.  Any number of these sets of three cards may be 
used. 
uration card, the actual value used is computed as a function of the pressure ratio across 
the orifice, using the information in reference 2. If a nonzero o!d is specified, that 
value is used. 
When the orifice discharge coefficient is specified as zero on the geometric config- 
Program Output 
Output consists of two sheets for each configuration: A working sheet and a calcu- 
The working sheet shows the geometric and operating parameters, trial values for 
lation summary sheet. 
determination of the pressure downstream of the orifices, final value of orifice down- 
stream pressure, qo, 
of u there appear A, f r ,  f t ,  W/(€paLD), c p ,  z2, final Runge-Kutta step size, E, 
w /w, u, and a coefficient applied to q0 in equation (24). This coefficient, jn refer- 
and RKEP. For each A in the array and for each trial value 
P 
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ence 4, was  taken as 1 when a was 0, and 0 otherwise. In the present work it is always 
1. A sample working sheet appears as figure 14. The data appearing thereon were gen- 
erated from the values shown in the sample input. 
FXTtRNALLV PRESSLRIZFO hEKRlNG8ONE BEARING -- GROOVE0 MEMBER ROTATING 
BETA ALFA H L I D  L I G I I L  L! f l l /L LAUBOA T PSlPA vc CRF-COEF 1+0**2 K=CP/CV 
30.CO 0.500 2.10c 1.000 1 .ooo 1.000 2.000 2.000 0 VARIABLE 1.COO 1-400 
SCLUTICN FOR POC LAREPA= C 
1 PC 1.4142136 PC1 1.3121654 
2 PC 1-3b31895 PC1 1.3026086 
3 PC 1.5OL6086 P C l  1.2983005 
4 P C  1.~9113005 P C I  1.2982814 
PC 1.298 PCIPS 0.649 PSO-0.783 
LAMBOb FRIEPbLO FTIEPPLO k lEPAL0 
0 0.282 -0.701E-C2 0.2819 
0 0.291 0.775E-C1 C.3012 
0 0.2112 0.9 lSE-C4 0.281 8 
SCLUTICR *OR POC LAM@CA= 0.500 
1 PC 1.4142136 PC1 1.3337132 
2 PC 1.3739634 P C I  1.32856115 
3 PC 1.42856115 p c i  1.3264548 
4 PI: 1.3264548 PCI 1.3264503 
PC 1.326 PCIPS 0.663 PSO-0.807 
LAC8Ob FRlEPALfl FTlEPbLO kIEPAL0 
0.5CC 0.313 0.271F-C1 ‘2.3137 
0.5cc 0.311 0.IOCE-Cl C.3114 
0.500 0.311 -0.594F-C2 C.3106 
0.500 0.311 0.581F-GS C.3107 
SOLlJTICh FOR POC LAMECA;. 1.COO 
1 P C  1.4142136 P C I  1.3576819 
2 PC 1.3859477 P C 1  1.3554464 
3 PC 1.3554464 PC1 1.3545969 
4 PC 1.3545969 PC1 1.3545963 
PC 1.355 PCIPS 0.677 PSO-0. a30  
LACBOA FRIEPIILO FTlEPPLO h lEPAL0 
1.000 0.347 0.575E-Cl 0.3513 
I.000 0.339 -0.22CE-C1 0 . 3 3 9 4  
1.coo 0.34C 0.1 0 1 E-C1 C. 33Y 8 
1.000 0.339 0.252E-C4 0.3391 
SOLUTICh FOR POC LAMRCA= 2.000 
1 PC 1.4142136 PC l  1.410819% 
2 P C  1.4125167 PC1 1.4108133 
3 PC 1.4108133 P C 1  1.4108112 
PC 1.411 PCIPS 0.705 P SO-0 -8 7 4  
MO -0.8383 MAXMO 0 
MO -0.6687 MAXMO 0 
MO -0.9037 WAXMO 0 
MO -0.9015 *axno o 
UNCHOKEO ORIF COEF 0.661 
UNCHOKEO CRlF COEF 0.67U 
UNCHOKEO CRlF COEF 0.682 
UNCHOKEO CRlF COEF 0.682 
PS1 0 RKOX REOUCEO UNTIL ERROR .LE. 0.500E-02 
PHI PCWZIP~LD RKOX MPCSl2LR5MUZ WHIRL R A T I O  V I E  LL S I G M A  PSC COEF 
-1.425 0 0.1250 0 LOCC.0 C 1 .coo0 
14.90 C 0.1250 41.916 1coo.o -1.ccco I .  cooo 
0.187E-01 0 0.1250 5891.0 1OCO-0 -0.8300E-01 1 . C O O O  
MO -0.8383 MAXMO 0.9587E-01 UNCHOKEO CRIF COEF 0.661 
MO -0.6878 MAXMO 0.7587E-01 UNCHOKEO ORIF COEF 0.671 
MO -0.8890 MAXMO 0.9587E-01 UNCHOKEO CRIF COEF 0.677 
uo -0.8625 naxno O . Y ~ ~ ~ E - O I  UNCHOKEO ORIF C O E F  0.668 
PS1 0 R K O X  REOUCEC UNTIL ERROR .LE. 0.500E-02 
PHI  llCW2lPALO RKUX M P C ~ / Z L R S M U Z  WHIRL RATIO v i e  h~ SIGPA P S C  COEF 
4.959 n 0.1250 0 0 0 I .oooo 
1.956 7.7793 0.1250 1120.2 0.2000 C . i C O O  1. cooo 
-1.096 1.9410 0.1250 279.51 0.4COO 0.4cco 1. cooo 
O.IO~E-OZ 2.88211 0.1250 415.12 0.3283 C.3283 1. cooo 
MO -0.1383 MAXHO 0.1917 UNCHOKEO CRIF COEF 0.661 
40 -0.8554 M A X M O  0.1917 UNCHOKEO CRlF CCEF 0.666 
MO -0.8731 MAXMO 0.1917 UNCHOKEO ORIF COEF 0.672 
PO -0.8735 MAXMO 0.1917 UNCHOKEO CRIF COEF 0.672 
P S I  0 RKOX REOUCEC UNTIL ERROR .LE. 0.500E-02 
PHI MCW2lPALO RKOX MPC5l2LR5MU2 WblRL R A T I O  V l t !  NU S I G C A  PSC COFF 
9.414 0 0.1250 0 0 0 1 .coo0 
-3.718 1.3547 0.1250 48.769 0.5000 l.OCC0 1 .coo0 
L.708 3.7743 0.1250 135.87 0.3000 C .6L00 1.cooo 
0.426E-02 2.5726 0.1250 92.413 0.3630 0.7261 1 .coo0 
MO -0.11383 MAXMO 0.3835 UNCHOKEO CRIF CCEF 0.661 
RO -0.8394 MAXMO 0.3835 UNCHOKEO CRlF COEF 0.661 
PO -0.8404 M A X M O  0.3835 UNCHOKEO O R I t  COEF 0.662 
PS1 0 RKOX REOUCEO UNTIL ERROR .LE. 0.500t -02  
Figure 14. - Example of working sheet. 
The calculation summary sheet again shows the geometric and operating parameters, - -  
and, for each A of the A array, W/(€paLD), p, u p / ~ ’  ant MZn, M,, Poc, (af,/aa),, 
mo, ad (actual value used), and the qo coefficient. Figure 15 shows an example of a 
summary sheet. Again, the data correspond to those of the sample input. Program 
execution time for the sample input was 20 seconds. 
30 
EXTERNALLY PRESSLRIZEO HERRINGBONE BEARING -- GROOVED MEMBER ROTATING 
L / D  LO/L  LEMBDA T l+OELTA**2  K=CP/CV ORIF COEF REC.VOL.VC 
1.000 1.000 2.000 1.000 1.400 VARIABLE 0 
P S I  PA BETA ALFA H LG/L RKEP 
2.000 30.00 0.500 2.100 1 .000 0.500E-02 
8RG hR 
LACeCA 
0 
0.5co 
1.000 
2.cco 
4.000 
8.CCO 
12.00 
13.CO 
16.CO 
20.co 
24.00 
32.00 
40.00 
ERG LOA0 
W/EPALU 
0.282 
0.314 
0.351 
0.434 
0.592 
0.815 
0.920 
0.896 
1.022 
1.138 
1.238 
1.432 
1.629 
A T T  AhGLE 
P H I  
-1 .425 
4.959 
9.414 
14.10 
15.29 
11.55 
13.32 
20.24 
9.870 
4.334 
2.377 
0.822 
0.411 
WHIRL RATIO V I 8  NK S T A B I L I T Y  PARAMETERS 
kP/OHEGA SIGMA MCbi2/PALO MPC5/2LR5WU2 
1000. -0.830E-01 0 0.589E 0 4  
0.328 0.328 2.883 415.1 
0.363 0.726 2.573 92.61 
0.371 1.484 2.863 25.77 
0.355 2.840 3.948 8.884 
0.313 5,005 6.796 3.823 
0.340 8.162 5.828 1.457 
0.397 10.32 3.318 0.707 
0.306 9.778 8.340 1.173 
0.183 7.303 30.48 2.743 
0.111 5.314 . 95.01 5.938 
0.411E-01 2.631 829.1 29.15 
0.212E-01 1.699 0.357E 0 4  80.33 
PC/PA 
1.298 
1.326 
1.355 
1.411 
1.523 
1.743 
1.945 
1.984 
2.079 
2.294 
2.533 
3.042 
3.575 
O I F T I  MASS 
O I S I G C A I  FLOW C C  
-0.84E-01 -0.904 
-0.83E-01 -0.889 
-0.80E-01 -0.874 
-0.76E-01 -0.840 
-0.66E-01 -0.765 
-0.56E-01 -0.572 
-0.47E-01 -0.271 
-0.57E-01 -0.146 
-0.37E-0 1 0.329 
-0.18E-01 0.655 
-0.12E-01 0.915 
-0.86E-02 1.361 
-0.72E-02 1.750 
ORIF ICE 
COEF A0 
C.682 
C.67i 
C.672 
C.662 
C.642 
C.60E 
C.584 
C.5@1 
C.58C 
C-60E 
C.632 
C.67S 
C.71t 
PSO 
COEF 
1 .ooo 
1 .a00 
1.000 
1 -000 
1 .ooo 
1 .ooo 
1 .a00 
1.000 
1 .a00 
1 .ooo 
1 .ooo 
1 -000 
1 .ooo 
Figure 15. - Calculation summary sheet. 
31 
3 1 B F T C  EPHB 
70/ 
9 1  
8 0 d  
90 
8 90 
9 
909 
9 0  2 
6 '  
6 1  
62 
8 
1 5  
33 
2.2 
23 
8 1  
9 2  
2 4  
10 
2 0  
25 
26 
27  
34 
140 
2 10 
150 
2 20 
2 30 
235 
299 
300 
600 
60 1 
602 
603 
35 
6 I B F J C  HYDST 
36 
37 
10 
15 
20  
38 
S I B I - T C  KKGHC 
5 U b K O U T I N t  ~ K b C  { D t K I V ,  Y I  X F I N A L ?  UELTAI 4, YP, N )  
C KUNGE-KUTTA-GILL lNTE;d4TIUN UF 1 4 - 1  CUMPLLX FUNCT I U h 5  UF C13Yt‘LfK 
L ARGUYENT Y L L )  F R 3 M  Y ( 1 ) I N I T I A L  TU XFINAL 
5 
LO 
2 0  
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